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Abstract. We characterize the minimal free resolutions of zero-dimensional sub- 
schemes in the plane with non connected numerical character (i.e. with Hilbert 
function of non strictly decreasing type). This is then used to slightly generalize a 
result of Sauer about the smoothability of arithmetically Cohen-Macaulay space 
curves. Some complements are also given. 

Introduction 

We work over an algebraically closed field of characteristic zero. A curve C C P 3 
is a one-dimensional, equidimensional, closed subscheme which is locally Cohen- 
Macaulay (without embedded points). A curve C C P 3 is arithmetically Cohen- 
Macaulay (a.C.M.) if and only if Hl(Xa) = 0; if moreover C is smooth (hence 
irreducible), then C is said to be projectively normal (just p.n. in the sequel). 
Finally a curve, C, is smoothable if there exists a flat family C C Fy such that 
Ct = C and C t is smooth for general t G T. 

In |5j Tim Sauer proved the following nice result: Let CcP 3 fc an a.C.M. curve 
with minimal free resolution 

k k+1 

-+ ^ic^o 

3=1 i=l 

bk > ••• > bi, otfc + i > ... > ai. Then C is smoothable if and only if: b n > a n+ 2 for 
\<n<k — l. 

The purpose of this note is just to relate this result to earlier work on arithmeti- 
cally Cohen-Macaulay space curves to get a unified and general perspective. In the 
meantime this will put in evidence some results, which are maybe well-known to 
experts, but for which it is difficult to give a reference. 
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First we show (cf Thm. [?D that in the case of zero-dimensional subschemes of 
P 2 Sauer's condition on the minimal free resolution characterizes zero-dimensional 
subschemes with a connected numerical character (i.e. with an Hilbert function of 
strictly decreasing type). Next we show how Sauer's result is related with earlier 
work of Ellingsrud (0) and Gruson-Peskine (Q). We thus obtain (Thm. |9|) a more 
general smoothability statement (with a different proof). Some complements ((4) 
of Thm. |9], Cor. [It], Prop. |11|) on a. CM. curves are given. 



1. Points in the plane. 

If Z C P 2 is a zero-dimensional subscheme we denote by s(Z) (or just s if no 
confusion can arise) the minimal degree of a curve containing Z. 

There are several ways to encode the Hilbert function of a zero-dimensional sub- 
scheme of P 2 , here we will use the numerical character, x{Z) (cf [f|], |1|). We recall 
that x(Z) is a sequence of integers (n , ...,n s _i) such that: 

(1) n > n\ > ... > > s (s = s(Z)) 

s-l 

(2) h\X z {n) = Y^{[ni -n-l]+-[i-n- 1]+) 

i=0 

s-l 

(3) In particular deg(Z) = ^^(^i — i)- 

It is clear (cf (2)) that x{Z) determines H(Z, —) (and vice versa). 

For those more comfortable with the Hilbert function and its first difference func- 
tion, A(Z,i) = H(Z,i) — H(Z,i — 1), we recall that A(i) = i + 1 for i < s while 
A(i) = ^{Z | ni > i + 1} for i > s. (This can be used as a definition of x{Z).) 
More generally we make the following: 

Definition 1. A numerical character x of length s, degree d, is a sequence of 
integers (hq, n s _i) with uq > ... > n s ^\ > s and with Xli=o( n « — i) = d. Moreover 
we say that x is connected if Hi < n i+ i + 1, < i < s — 2. 

Observe that x{Z) is connected if and only if H(Z, — ) is of strictly decreasing 
type. 
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A zero-dimensional subscheme Z C P 2 is a. CM., its graded ideal has a length one 
minimal resolution: 

k k+l 
j=l i=l 

The integers bj,ai are the Betti numbers of Z. We will always assume that bk > 
... > bi, % + i > ... > a\. We will also say that Z is of type (a, 6) (a = (oi, ajfe+i), 
6 = (6x, bk))- The morphism y> is given by a (A; + 1) x k matrix of homogeneous 
polynomials ip^j of degree b 3 — Oj. By minimality if bj = then ipij = 0. If A j is 
the k x k minor obtained by suppressing the i-th row, then (Ax, Afc +1 ) is a set of 
minimal generators of I(Z). Observe that deg(Aj) = a». 

If we are given the Betti numbers, we can determine the Hilbert function, but the 
converse is not true: the Hilbert function determines the Betti numbers only up to 
repeated terms (cf Lemma ^. 

Remark 2. Here are some relations, which easily follow from the dehnitions, 
between the Betti numbers (cij), (bj) and the numerical character (rti) of a zero- 
dimensional subscheme. 

(1) ax = s and ci2 = n s ^i 

(2) b k = n + l and #{j | bj = b k } = #{i | n» = n } = h l (l z (b k - 3)) 

(3) CL k+1 < HQ. 

We will need also the following: 

Lemma 3. Let Z C P 2 be a zero- dimensional subscheme with minimal free 
resolution 

-)• PiO(-i) -> -)• Xz -)> 

and with x(Z) = (uq, ...,n s -i). Let c(n) = #{i \ rii = n}. Then: 

(1) a s = c(s) + 1 

(2) For n > s: j3 n = a n — c(n) + c(n — 1). 

Proof. (1) follows from the definitions, (2) is proved by induction. First observe that 
h°(l z (n + 1)) - h°(X z (n)) = n + 2 - s + c(n + 1) + ... + c(s) (*). Then from the 
minimal free resolution: h°(Iz(n)) = Yli< n ( a i ~ Pi)h (O(n — i), and similarly for 
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h°(X z (n + l)). It follows that: h°(l z (n + 1)) - h°(X z (n)) = J2?=s( a i ~ Pi)(n + 2-i). 



Concerning the connectedness of the numerical character we have: 

Proposition 4. Let Z C P 2 be a zero-dimensional subscheme with x(Z) = 
(n , .., n s _i). If n t _i > n t + 1 for some t, then there exists a degree t curve, T, such 
that X = Z fl T has = (no, nt-i). Moreover if R is the residual scheme of 

Z with respect to T, then x(i?) = (mo, ra s _i_i) where = n t+i — t. 

Proof. See Jl|, Proposition. □ 

Corollary 5. Let Z C P 2 be a zero-dimensional subscheme with x(Z) = 
(no, ..,n s -i). If Z lies on an integral curve of degree s, then x(Z) is connected. 

Proof. Assume nt-i > n t + 1. We have n t -\ >n t + l>s+l>t. We apply |J 
Every curve, S, of degree s containing Z contains X = Z fl T. The first generator 
of I(X) is T of degree t, the next one has degree n t _i (Remark 0). Since n t _i > s, 



The following is well known, we include it for completeness and also to give some 
perspective to the next result. 

Proposition 6. Let > ... > b\ > 1 and a^+i > ... > Oi > be integers. There 
exists a zero-dimensional closed subscheme X C P 2 , with minimal free resolution: 



We conclude using (*) and the inductive assumption. 



□ 



T divides S. 



□ 



k k+l 



-+ °(~ b j) ^ °(~ a i) *x (*) 



j=i i=i 



if and only if: 

(a) f is minimal (i.e. if bj = a^, then tp^ = 0). 

( b ) E b i = E tk 

(c) b x > a 2 , b 2 > a 3 , b k > a k+1 . 



Proof. Assume X has a minimal free resolution like (*). Condition (a) and (b) are 
clearly satisfied. The morphism ip is given by a matrix, with k + l rows and k 
columns, (fij), where ipij is an homogeneous polynomial of degree bj — a^. 
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Take m, 1 < m < k. Let q = max{t | (<£t,i, ft,m) 0}- Let L\ := ®* =1 O(-bj), 
Lo = ®-=iO(- ai ), N, := ®f =1 0(-bj), N := 0* =1 £>(-«;). Then up induces an 
injective morphism: N\ — > iVo and we have a commutative diagram: 



















1 




1 






->■ 


Ni 


->■ 


N 




->■ 




I 




1 






->■ 


U 


->■ 


L 




->■ 




I 




I 








Li 


->■ 


L~o 








I 




I 





















By the snake-lemma we have an exact sequence: 

->■ Ker(f) ^L^Lo^ Coker(f) ->■ 

If £ has rank zero, then rk(Ker(f)) = 0, since L\ is torsion free, this implies 
Ker(f) = 0, this in turn imply 8 = (Tx is torsion free). Since N\ and No can't be 
isomorphic (for sure a\ < bi), we conclude that rk(£) > 1. It follows that q — m > 1, 
hence a m+1 < a q . By assumption there exists i <m such that ip qi ^ 0, hence a q < b^. 
We conclude that: a m+ i < a q < bi < b m , thus: a rn+ i < b m . 

(<=) Define the matrix ip = (ifij) by fj+ij = x\ a3+1 , ipjj = x\ J a \ <fj-i,j = 
Xq a3_1 , 1 < j < k, ifij = otherwise. Since bj > a J+1 > a,j > it is easy to see 
that outside of the point p — (1 : : 0), the matrix <p has rank fc. It follows (using 
(1)), that Coker(ip) ~ Xx for some X zero-dimensional subscheme (with support 

P)- 

□ 

Now we come to our main result. 

Theorem 7. Let Z C P 2 be a zero- dimensional subscheme with minimal free 
resolution 

k k+1 
3=1 i=l 

where 6 fc > ... > 6 1; a^+i > ... > ai. Tie following are equivalent: 
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(1) x(%) JS n °t connected 

(2) bp < a p+2 for some p, 1 < p < k — 1. 

Proof. (1) =>- (2): Let x(Z) = (%!•■•> n s-i) an d assume n^_i > n t + 1. Then 
(cf ^) there exists a degree £ curve, T, and X C Z such that X = Z fl T and 
= (no, ...,n t _i). Moreover if R is the residual scheme of Z with respect to T, 
then x(-R) = (mo, m s _i_t), with = n^+j — £. In particular we have an exact 
sequence: 

-> Z K (-£) 4 X z -> X XjT -> (+) 

If = (/i,...,/ r ), then (71 = Tfx,...,g r = Tf r are minimal generators of /(Z) 

of lowest degrees. Indeed deg(Jj) < mo and h°(Zx,T(k)) = if A; < nt-i (Remark 
0). Let (a, P) be the Betti numbers of R (aj = deg(/j), 1 < z < r). Then the first 
Betti numbers of Z are ai = ol\ + £,..., a r = a r + £; 6i = /?i + £, 6 r _i = /3 r _i + £. 
Moreover since /3 r _i = m + 1 (cf Remark |2|), 6, r _! = n t + 1. The next generator 
of I(Z), of degree a r , comes from H®(Ix,t) (consider exact sequence (+)). It has 
degree nt-i (Remark || again). It follows that n t + 1 = £> r _i < a r+ i = nt-i- 

(2) =>• (1): assume b p < a p+ 2, then, A, the matrix of tp, has the following shape: 

A = ( ^ ^ j where A\ is a (p + 1) x p matrix and where A3 is a square k — p 

matrix. If T := det^, then the generators of lowest degrees (i.e. the minors of A 
obtained by deleting the i-th row, 1 < i < p+ 1) are of the form g\ = Tf\, ...,g p+ x = 
Tf p+ i. Observe that deg^« = a^. 

The (p + 1) x p matrix A\ defines a zero- dimensional subscheme R with I(R) = 
(fi, If m = ©J =1 0(-b 3 ) and N = 0(-o<), then: 

0->iVi(-t)-»iVo(-t)-»Zji-K) 

is the minimal free resolution of and we have — > Ir(— £) — > X^ whose cokernel 
has support on T. 

Let x(-R) = (mo, m s _i_ 4 ) be the numerical character of R. If x(Z) = (no, 
we claim that ni +t = rrii + t, < i < s — 1 — £. This follows from Lemma ^ indeed if 
n = m + £, then since c(k) = — Pk + c(/c — 1) (notations as in Lemma |3|), we see 
that for k < n, the n^s less than n are determined by the generators and relations of 
degree < n. Since degg p+2 = a p+2 and a p+2 > b p = m + £ + 1 (see Remark |2[), the 
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n'iS less than n are determined by the generators g\ = Tfi, ...,g p+ \ = Tf p+ x and by 
their relations: this is encoded (modulo the factor T) in the minimal free resolution 
of I(R) = (/i, f p+x ) and in x(R)- 

It remains to show that n t ^\ > + 1 = tuq + t + 1. If n = m + t + 1 we have: 
Pn — a n — c{n) + c(n — 1). By Remark g (2): (5 n = c{n — 1). Since a n = (because 
> bp), we get c(n) = 0, i.e. no n,i is equal to + 1, hence n t _x > n t + 1. □ 

2. Arithmetically Cohen-Macaulay space curves. 

If C C P 3 is any curve, the numerical character of C is the character of its general 
plane section. 

It follows from the works of Ellingsrud Q[2|) and Gruson-Peskine (||) that a. CM. 
curves are classified by their numerical character. 

Theorem 8 (Ellingsrud-Gruson-Peskine). 

(1) An a. CM. curve C C P 3 corresponds to a smooth point of Hilb(F 3 ) 

(2) Two a. CM. curves C, X C P 3 are in the same irreducible component of the 
Hilbert scheme if and only x(C) = x{X) 

(3) The numerical character of an integral curve is connected. Moreover every 
connected numerical character is realized by a projectively normal curve 

(4) Let H x denote the irreducible component of Hilb(F 3 ) parametrizing a.C.M. 
curves with numerical character \. The general curve of H x is smooth (hence 
irreducible) if and only if x is connected. 

Now we have: 

Theorem 9. Let X C P 3 be an a.C.M. curve with numerical character x — 
(n , n s „!) and minimal free resolution 

k k+l 

°(- a *) ^ix^o (*) 

j=i i=i 

The following are equivalent: 

(1) x JS connected 

(2) b n > a n+ 2, for all n, 1 < n < k — 1 

(3) X is smoothable 
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(4) The general curve of H x lies on a smooth surface of degree s 

(5) The general curve of H x lies on an integral surface of degree s. 

Proof. (1) <^ (2) this follows from Theorem |7] since, for H a general plane, the 
minimal free resolution of X fl H is the restriction of (*) to H and x(X D H) = \- 
(1) <^ (3): this is (4) of Theorem || 

(1) =>■ (4): we show that for every connected character \ °f length s there exists a 
p.n. curve CcP 3 with x(C) = X an d lying on a smooth surface of degree s. For this 
we take over the proof of Thm. 2.5 in [|J. The argument is by induction. Assume 
C is a p.n. curve with x(C) = (n , n s _i) and that C lies on, <S, a smooth surface 
of degree s. (If s = 1 this is clearly satisfied). Following J4]] we show the existence 
of a p.n. curve C\ (resp. C2) with x(Ci) = (no + 2, n + 1, n-i + 1, ...,n s _i + 1) (resp. 
X(C 2 ) = (^o + Ij^o + + 1) ...,n s -i + 1)), lying on a smooth surface of degree 
s + 1. Moreover, as in [|J, the following condition is also part of the induction: 

u)c{— e(C)) /ias a section a, with smooth zero — locus (a) (+) 

The curve Ci (resp. C2) is constructed as follows: there exists a smooth surface, F, 
of degree 72-0 + 2 (resp. ?t,o + 1) containing C (observe that uq = e + 3). If L = Of{C), 
then Ci (resp. C2) is a general section of L(l). This means that Cj is obtained by 
double linkage from C: U := F (1 G a = X U C and F fl T a+ i = I U C,. If we take 
G a = S, it is enough to show that X lies on a smooth surface of degree s + 1, T. 
The exact sequence of liaison: 

->• Z^s + 1) -)• X x (s + 1) A w c (-e + i - 1) -)• 

shows that H°(Ix{s + 1)) contains (at least) V = (HiS,T f ), where r(T') = (cr) 
(see (+))• Hence T' is not a multiple of S. The base locus of V is B = T' C\ S. By 
Bertini's theorem the general surface in H°(Ix(s + 1)) is smooth out of B. Since S 
is smooth, the general surface T = HS + T' G V is smooth with r(T) = (er)o- For 
general T & V the linked curve Q will be smooth and will satisfy (+) (uc\(— e — 3 + i) 
has a section with zero-locus (cr)o cut out by 5 residually to X fl Ci). We conclude 
as in [f§. 

(4) (5): clear. 

(5) =>■ (1): by considering the general plane section Z — X fl H, this follows from 
Corollary ||. □ 
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Corollary 10. Let X C P 3 he an a. CM. curve of degree d, lying on an integral 
surface of degree s. If d > s(s — 1), then X is smoothable. 

Proof. By degree reason s = s(X). We conclude with (5) of Theorem ||. □ 
Finally, to really complete the picture: 

Proposition 11. Every numerical character is effective. More precisely let \ be 
a numerical character then H x ^ and the general curve of H x is reduced. 

Proof. Since the cone over any zero-dimensional subscheme Z C P 2 is an a. CM. 
space curve, it is equivalent to show that any character is the character of a zero- 
dimensional subscheme. We proceed by induction on s and prove that any character 
is the character of (the general plane section of) a reduced curve. If % is connected 
we are done by Thm. [8[ Otherwise let t be the smallest integer such that: n t -\ > 
n t + 1. Then \ = ( n o? ••■> n t~\) is a character (rit-i > t), of length < s, which is 
connected. By Thm. § there exists a p.n. curve C such that %(C) = \. Now let 
X' = {mo, ...,m s _i_ t ) where m^ = n t +i — t. Then \' is a character, of length < s. 
By inductive hypothesis there exists a reduced curve R with x{R) = x'- Observe 
that C is contained in a unique integral surface of degree t, T. We may assume 
dim(i? fl T) = 0. Let Y = C U R. Taking a general plane section we are reduced to 
the following situation: X = C fl H has = \ and lies on an integral curve of 

degree t: T = f n H; R = R D H has x(R) = x' and R n T = 0. Both R and X 
are smooth. We want to prove that Z = X U R has x{Z~) = X- By construction we 
have an exact sequence: 

0^2 fl (-t)^I z 4l I)T 4 

Since /i°(Zx,t(^)) = if n < n t -i (cf Remark 0), we see that s(Z) = s and, arguing 
as in the proof of Theorem [?], that x{%) = ( a 0i ■•■> <H-i, n t = mo + t,...,n s -i = 
m s _i_ t + t). So far all the generators of I(R) and the relations between them have 
been taken into account. The next generator of I(Z) has degree > n t -\ (in fact 
= n t -i because h l (XR(nt-i — £)) = 0). It follows that a t -\ > n t + 1. We conclude 
with Prop. |. □ 
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Remark 12. Proposition is a complement to Thm. [g and determines all 
possible Hilbert functions of zero-dimensional subschemes of P 2 . It also shows that 
any possible Hilbert function is realized by a smooth set of points. For points (in 
F n ) this has been first proved in || . 
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